Tuning the Nonlinear Behaviour of Resonant MEMS Sensors Actuated Electrically  by Pratiher, Barun
 Procedia Engineering  47 ( 2012 )  9 – 12 
1877-7058 © 2012 The Authors. Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Symposium Cracoviense 
Sp. z.o.o.
doi: 10.1016/j.proeng.2012.09.071 
Proc. Eurosensors XXVI, September 9-12, 2012, Kraków, Poland 
Tuning the Nonlinear Behaviour of Resonant MEMS Sensors 
Actuated Electrically  
Barun Pratihera* 
Indian Institute of Technology Rajasthan, Mechanical Enginnering/Centre of Energy, Jodhpur,342011,India 
  
Abstract 
The objectives of this present work is to study the stability and bifurcation control of an idealized electrostatically 
actuated microcantilever MEMS device that can widely observe in the field  MEMS application. Here, the cantilever 
based device has been modelled as a spring-mass-damper system considering both the linear and nonlinear spring and 
damper. Simultaneously, the cantilever based device is excited harmonically by applied voltages. The method of 
multiple scales is employed to obtain the reduced order equations in terms of amplitude and phase those are directly 
used to determine the approximate the solutions for different resonance conditions. The catastrophic failure of the 
system may occur due to the presence of saddle-node and pitchfork bifurcation points as it leads the jump 
phenomenon. Basins of attractions are plotted in order to find the initial condition for a specific solution in a region 
having more than one solution. The obtained results can successfully be used in designing the microcantilever based 
devices that depict typical realistic nonlinear characteristics in the field of MEMS application. 
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1. Introduction 
The structures used in the field of MEM systems are highly flexible and extremely light weight which 
exhibits typical nonlinear behavioural in nature [1] and (Ref. 2, 3: Zhang et al. [2]). The studies of 
nonlinear phenomenon are of great importance for micromechanical devices where intrinsic and exterior 
nonlinearities exist arising from coupling of different domains. The comparatively small scale applied 
forces are necessitated for driving a micromechanical oscillator into a nonlinear regime. Hence, in many 
cases the nonlinear characteristics behaviour is the only useful nonlinear regime of operation. Accurate 
modelling of the response of the system in the nonlinear regime is not only selected the nonlinear stiffness 
but also taken into account the possibility of nonlinear damping. Many researchers have investigated the 
nonlinear behavioural characteristic of micro-cantilever based instrument in MEMS subjected to various 
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loading conditions. Analytically and numerically the dynamics of an electrostatically actuated micro-
cantilever in micro-electro-mechanical systems (MEMS) for the purpose of studying the nonlinear 
dynamics of systems has been investigated in (Ref. 14, 15, 16, 17: Zhang et al. [2]). Zhang [2] 
analytically and numerically studied the effect of the bounded noise on the nonlinear dynamic behaviour 
of the AFM system with LJ potential. In this work, dynamics of a parametrically excited micron scale 
cantilever were described by the linear and nonlinear Mathieu equations.  However, the actual response of 
the system can only be obtained by considering typical nonlinear model that displays typical nonlinear 
characteristics. This study which includes the substantial effect of nonlinear terms cannot be ignored for 
real world problems in MEMS apllications. Hence, study the nonlinear behaviour of micromechanical 
resonators is of great significance in order to correctly design the systems. The present work is offered as 
an attempt to study the nonlinear analysis of an electrostatically actuated microcantilever device where 
the resonance responses and nonlinearities of the system are investigated. The effect of varying different 
system parameters such as amplitude of applied voltage, various gaps between the two plates, damping 
and mass of the resonators sensors on the response curves have been investigated. Basins of attraction has 
been plotted to know the accurate initial condition for a specific steady-state solution for primary 
resonance condition.   
Nomenclature 
x     Displacement of the conductor   
m     Mass of the capacitor 
lc Linear damping coefficient   
nlc Nonlinear Damping coefficient 
lk Linear stiffness coefficient   
nlk Nonlinear stiffness coefficient 
 d      Gap between the two plates 
 A     Overlapping area between two plates
0V     Amplitude of sinusoidally applied voltage 
:     Frequency of sinusoidally applied voltage 
2. Mathematical modeling  
The Fig.1 displays the dynamic model of an electrostatically actuated microcantilever based device. The 
fixed plate is placed at a distance d from the end of the cantilever based device. The system is excited by 
a periodic square applied voltage. The system is attached by means of non-linear springs and non-linear 
dampers. The governing equation of motion for the dynamics of the Microcantilever mechanical system is  
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Using the following nondimensional parameters are used into equation (1) to make it nondimensional.  
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Expanding the nonlinear electrostatic force developed due to applied voltage by Taylor series, one may 
obtain the following nondimensional equation of motion.   
                             ^ `2 3 2 02 1 2 3 cos .VM H ]M KM M DM M H M M E ZW                                        (3) 
The temporal equation of motion Eq. (3) contains many nonlinear terms and it is very difficult to find the 
closed form solution. Hence one may go for an approximate solution by using the perturbation method.   
In method of multiples as one of the perturbation technique, the displacement M can be represented in 
terms of different time scales 0 1( , )T T and a book keeping parameter H as follows. Similar procedure as 
described in Pratiher and Dwivedy [3], one may obtain following set of first of order modulation and 
phase equations for simple and Principle parametric resonance conditions.  
11 Barun Pratiher /  Procedia Engineering  47 ( 2012 )  9 – 12 
                                                   
 
.                                                        
Primary resonance condition:  
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 (5) 
Principle parametric resonance condition: 
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The stability of the s system can be obtained by finding the eigenvalues of the Jacobian matrix. For the 
trivial state instability region, one may obtain the following closed form expression for principle 
resonance condition. 
       2 2 202 / 2 2 .V OZ  r H E  ]  H                                                                                        (8)      
3. Numerical Simulations and Discussions  
In all numerical simulations, while absolute dielectric constant of vacuum ( 0H ),  and the overlapping area 
between the two plates (A) are considered to be as 8.85×10-12 F/m and 1.6×10-9 m2, the bookkeeping 
parameter (H ) is taken as 0.1. In primary resonance case, as system does not have the trivial solution, 
amplitude of the vibration of the resonator is always equal to the amplitude of nontrivial solution for 
particular frequency of the applied voltage. The effect of amplitude of applied voltage on the frequency 
response curves are investigated in Fig. 2 with similar system parameters as considered in the work of 
Zhang et al. [2]. It can be observed that considering similar system parameter values as in [2], the effect 
of nonlinear terms i.e., stiffness and damping on the system behavior is insignificant. An interesting 
observation has been investigated when the effect of nonlinear stiffness and damping are considered as 
shown in Fig. 3.  It is observed that with increase in frequency of applied voltage, the response amplitude 
of the system increases and it will reach a critical value C1, which is a saddle node bifurcation point. At 
this point with further increase in frequency, the system leads a jump up phenomenon that may lead to the 
failure of the system. Similar catastrophic failure may occur due to jump up at C2 observed when the 
applied voltage is turn off. It is worthy to note that with increase in linear damping coefficient, the saddle-
node bifurcation point disappears from the response curves. For some initial conditions, the system 
experience a jump down phenomenon at C3 where the jump down takes place from the unstable nontrivial 
solution to the stable nontrivial solution clearly observed in Fig 3. It is noticed that the system has a bi-
stable region in between C1 and C3  or after the bifurcation point C2. In this region, a small change in the 
initial conditions produces a large change in the response of the system. Hence, in order to know the 
influence of initial condition, basins of attraction is plotted in the a J  plane as illustrated in Fig. 4. 
Hence, in case of system bistability, one may note that the small change in initial condition may cause 
higher system response as shown Fig. 4. To rectify the degree of correctness of the results obtained by 
perturbation analysis, the response curves obtained by method of multiple scales is verified with the 
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Fig. 2: Effect of applied voltage 
on the frequency curves  
Fig. 3: Frequency response curves 
considering nonlinear stiffness and 
damping 
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response obtained by numerically solving the reduced equations and temporal equation on motion. While 
solid lines represent the time responses obtained temporal equation of motion, dotted lines which are 
superimposed represent the response determined by numerically solving the reduced equation. Results are 
in good agreement with those determined by using the method of multiple scales. 
 
 
 
 
 
 
 
 
 
 
 
 
In contrast to the simple resonance case, in principle parametric resonance case, system possesses both 
trivial and nontrivial solution. As the system exhibits trivial solution, it is of great significance to study 
the stability of the trivial solution which was not studied in earlier published works. The region of 
instability of the system has been demonstrated in Fig. 6. The region bounded by the curves is unstable 
region whereas region outside lines represents the stable region and it is noted that the unstable region of 
the damped system is found to be small as compared with the system with undamped system. Hence, with 
the increase in damping, the system can be brought to be a stable state having zero amplitude of vibration. 
It is also observed that with decrease in mass, the stability region reduces with increases the unstable 
region. 
4. Conclusions 
The present work deals with the study the stability and bifurcation control of an idealized electrostatically 
actuated microcantilever based device that has been modeled as a spring-mass-damper system 
considering both the linear and nonlinear spring and damper. It has been observed that with decrease in 
gap between capacitors and coefficient of linear damping, the response amplitude of the system gets 
increased while with increase in amplitude of applied voltage and overall system mass, amplitude of 
system responses goes on increasing. An interesting observation has been investigated that both the stable 
and unstable nontrivial solutions have an existence in the frequency response curves for some system 
parameters. The system experiences number of saddle-node bifurcation points which lead to the 
catastrophic failure of the system due to the sudden change in response amplitude.  
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